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e More boundary conditions;
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ADM system

Arnowitt—Deser—Misner 3 4+ 1 decomposition in vacuum: (lapse a; shift
b;; 3-metric h;;; extrinsic curvature k;;; spatial Ricci tensor R;;)

Othij = —2ak;; + 2D ;bj),

O¢ki; = a[Rij + kikij — 2kykt] + b'Diksj + kyD;b' + ki D;b" — D;Dja,
Ri+ (k)? — ik =0,

Dik;; — Dik’ =0

Rz’j = %hpq(c‘?p@jhiq -+ 6’¢8th3- — 8p8qhij _ ai({)jhpq)
i hpths(riprI‘qu — qurI‘ijs),
1

Liji = 5

0ig1j + 0j9i1 — 019i5)-

Ricci Tensor is difficult!
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ADM system

Arnowitt—Deser—Misner 3 + 1 decomposition in vacuum:

Gtkij — CL[RZ'J' —+ k’gk” — Qk’zlké] -+ lelkij -+ kilebl + kljDibl — DiDja,
R! + (k%)? — ki k™ = 0, Hamiltonian const.

But can be eliminated for the trace of k;;!
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BSSN: the Trace of £;;

The evolution equation for k = /cll Is simple
(0y — b' D))k = akPlk,, — D'Dja

(after Hamiltonian constraint was used to eliminate Ricci)

To separate evolution of k from the system, introduce new variables

k = k:, Aij = kij — %hwk

Decompose the system accordingly...
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BSSN variables

Motivation: we need a decomposition for h compatible with

- 1
k = k;, Aij = k’ij — §hwk
The new variables

@ = (1/12) In(det h) is the conformal factor;

hij = e *?h;;, h') = e*?hY are the conformal metric and its inverse;
k = kpqhP9, again, the trace of the extrinsic curvature;
A;j = e * A;; the conformal analog of A;;, AY = e ¥ A",

T; = hP99,h,;, the contracted Christoffel symbol, follows from Ricci tensor
decomposition;

~

1
6}%]’ — 6_490[(9}%]' — ghijhpqé’hpq].
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BSSN formulation

Solving AMD for ¢, k, h, A, 7 (both Hamiltonian and the momentum
constraints are used)

(0; — b0 = —2k + £05b°

(0; — b))k = —D'Dya + . ..

(875 - INZZ(‘?Z)}]- — —QCLAZ']' + Qilf(zaj)gs —éﬁijﬁsgs

(6t — blal)Aij = e_490[%a(9l85h¢j + CL(?(ZFJ) — 2&(%&7@ — &i@-a

— 2ah;;0'01p + 1hi;0'0a] + . ..
(0, — b'O)T; = —2ad;k + 20,05b° + hs;0'O0° + ...

Plus .
(0 — b'9))a = —a’k

(here l~9j = e~ *¥b; dots stand for terms vanishing in near-flat linearization)
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Constraints

The analog of momentum constraint
~ 2
DpAiq — —&Lk — O;
3
The analog of Hamiltonian constraint

~ . ~ .~ . )
R; = 8D'Dyp — 8(9'¢)(0ip) + 3

An artificial constraint on fj

T; = hP%0,hy;.
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Linearization around flat space

Space-time metric is a perturbation of the Minkowski metric:
a=1+a, b; =B, hij = 0ij + Vig, kij = Kij, @, Bi, Vij, kij = O(€)

Then (up to higher order in perturbations)

11,
Y =12
k:/-a;::ﬁ:%;

e"dP =1— —fyl and e* =1+ 3'711

hij = 855 + Vij — 30557} := 8ij + Vi
/L'j = Aij = K/z'j — %&jlﬁ
fj = — 81713,
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Linearized BSSN

Evolution equations

O = —gk + $0°Bs;

Ok = —0'0)ax;

Oix = —K;

OYij = —21212'3' + 20:85) — %5ij88/88;

8tAij = %6@;%- + 6’(7;1“3-) — 28@'0%0 — 25ij8lalg0 — (P)’iajOé + %&jal@lo&;
O = =50k + 50:0°8, + 0'9,5;;

Constraint equations:

OPDI7,, — 80'01p =0, and/or O'T; — 89'Oyp = 0;
8jA7;j — %87]6 = 0;
I, = 09,.
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Reduction to second order in time
Differentiating (E5) in time and using the (E1)—-(E6) we get
(E7)  02Ai; = 0'0Ay;.
Similarly, differentiating (E2) in time and using (E3) we get
(18) 0%k = 0'0k.
Unconstrained evolution problem: Given 3, and «(0), ¢(0), x(0), 7:;(0),

A;;(0), I';(0), calculate 9;A;;(0) from (E4) and 0;k(0) from (E2), add BCs,
solve (E7),(E8) for A;;, k. Integrate (E1), (E3), (E4), (E6) to calculate «,

P, 5/2]1 F'L
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Evolution of the constraints

Introduce 5
Mi — (‘9in3- — g@zk,

H1 = 0097,, — 80" 0y;
H?2 = 0'T'; — 89'9,;

Notice, that 0;H1 = 6'ij so if the momentum constraint is satisfied
(M; = 0) then H1 = 0 provided it is zero initially; 0;H2 = 0 as follows
from

So, we need to check M; = 0.
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Evolution of M,

The propagation of the momentum constraint is given by
(F9)  0*M; = 0'0M,
the value of 9,M;(0) can be calculated from (E5) and (E2) as

1 1 1
O M;(0) = —§8l858m}m(0) + 5a,&-aﬂrl(()) + 5alalrz-(()) — 40;0'0;0(0).

If we can find a set of well-posed boundary conditions for the linearized
BSSN system that imply

o |

then we are done!

— Typeset by Foil TEX — 13



Why (£ M;)0M7 = 0?

Energy argument: contract both sides of with 9, M*, integrate over
the domain 2:

/ (07 M;)0; M’ = / ('O M ;)0 M
Q Q
integrate by parts

0

1 .
SOOI + 10007 = [ (M0

o2

(for example, either M; = 0, or (%Mi = 0, or mixed)
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(£ M;)0:M7 = 0 via the main variables: the technology

Introduce, orthonormal basis: n;, m;, [;,

' Jqp . — O 0 .
Rewrite, 0u; = - 9 u;nt + 5-U; mt + alu%l @{
e m

_ 0 . :
Oik = 5-Kn; + a_m"mz + mlﬁ)lz "

Decompose a0
\

Ay = Al (nmjy)+A2 (nilyy)+A3 (Lgmjy)+A4 (Ll —mym;)+AS (2nn;—lilj—mmy).

Substitute into M; = 07 A;; — 282-16 and the result into ((%Mj)(‘?th =0

Simplify ...
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(5 M) QM)

y at[%a%m + %%AQ + Q%A&s _ g%m]

%%%Al + %%AB — @%A4 — 8%145 — %a%/i]

« at[%(%m + %%AS _ a%“ _ a%A5 - %aimm]
%%%m + %a%AS + %Azl _ %A5 _ %%/ﬁz]

. at[%(%Az + %{%m + %Azl - %A5 - %%/{](z 0 777).
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By direct observation

Either of the two sets of boundary conditions imply

((0/0n)M*)(0:M;) = 0 on OQ:

0 0 0 0
Al = O, A2 = O, %AS = O, 8—7’1,A4 = O, %A5 = O, %KJ = O,

9120, JA2-0 A3-0 A4=0. A5=0, K=0.
on on

(the first set eliminates the second multiplier in the first term of
((0/0n)M*)(0:M;) = 0 and the first multipliers in the second and third
terms (by commuting partial derivatives and using . Second set is
verified in a similar way.)

Too restrictive! Needs compatibility with the initial data!
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Differential boundary conditions

Require M,; = 0:

1 0 10 0 2 0

10 10 %) %) 2 0
s T oa B T M T e T 3am”

10 1 0 0 0 20

For example, prescribe A3, A4, k, and use M; = 0 as the boundary

conditions for the rest.
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Evolving boundary conditions

Require {%Mmi =0, M;l* =0, M;m* = 0.

Solve for
02 02 02 2 0?2 4 H? 02 02
20— (Gptg A5 —g5arts(gaty H)n = (55—
10 10 %) %) 2 0
s T oa B T e M T A T 3am”
10 1 0 0 %) 20

5? 9 9
1129 4

a2 At g A%

I

-

For example, prescribe A3, A4, k, evolve first equation for A5, use other

two as the inhomogeneous Neumann data on Al and A2.
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