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Computational Domains for Black Hole Calculations. Schematic depiction of computational domains (shaded
regions) employed in various approaches to the simulation of a black hole which forms from matter collapse. M is
the outer surface of the infalling matter, H is the event horizon, A is the locus of outer apparent horizons and S is
the spacetime singularity. (Adapted from Christodoulou, Comm. Pure Appl. Math, 44, 339 (1991).)

(a) Ideal calculation. Computational domain contains only those events which are external to or coincident with
event horizon H.

(b) Traditional numerical relativity calculation. Code avoids singularity, S, but uses coordinate freedom to “freeze”
evolution near S, resulting in unbounded growth in evolved dynamical variables in diagonally shaded region.

¢). Apparent horizon tracking calculation. Code locates, then tracks, position of outer a parent horizon on constant
g )y P P
time surfaces and can thus excise region lying interior to A from computational domain. Values of evolved
dynamical variables do not grow without bound.

(d) Event horizon tracking calculation. Computational domain coincides more nearly with black hole exterior than
in calculation (c), avoiding some potential problems with tracking apparent horizons. Efficient realization of
such a scheme might involve a spacetime multigrid approach.
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In a vacuum region of a spherically symmetric spacetime (SSST), adopt the usual Schwarzschild coor-
dinates: )
2M N\~
ds® = <1 - #) dt* + (1 - 7-) dr? +r?d02. (1)

Then, the proper surface area at radius r is A(r) = 4772, and is a geometric quantity as are

dA = 8mrdr 2)
and o o
dA-dA = 64n°r?dr - dr = 16w Ag™". (3)
Thus, we have
M(r) = -l—r (1-(ora) ™ am A,). @)

Now, first consider the general 3+1 form of the the 4-metric for SSST—(the r,¢ coordmates here are, of
course, different from those of (1)):

ds® = (—a® +a® §%) dt* + 24° Bdt dr + a® dr® + r* b dO°. (5)

we wish to introduce a “shifted” areal coordinate, s, such that s =7 + f(¢) and the metric takes the form:

ds? = (—a2 +a? ﬂz) dt? + 2a? Bdt dr + a® dr? + s* Q2. (6)
So
b=141 ()
r
and .
(rb) = f (rp) =1 (8)

Using these last relations, the evolution equation for the 3—metric function, b,
b=—abK’% + g (br)’,

trivially rewritten as

(rb) = —a(rb) K% + B (br), 9)
is solved for 3, giving the spatial coordinate condtion:
B = f + SOnge. (10)

The time-slicing relation comes from considering the tangent vectors:

%:(1,0,0,0) =(0,1,0,0)

9 _
or
and demanding that the ingoing combination, 6/ Ot — 3/0r, be null, which in SSST also implies that the

~ vector is tangent to an ingoing null geodesic. Thus,

gtt — 2gt1‘ + grr = 0, (11)

and using (5), this implies,
a=a(l-p), (12)

1




where the particular solution of the quadratic has been chosen to give a positive lapse for |3| < 1. Finally,

we can rewrite the coordinate conditions by combining (10) and (12), giving

)

We now consider the structure of (4) in this coordinate system. We have

f+Q

1+0Q
_ (1-7
a_a<1+Q

Q = saK?

where

A=4rs? A = 8nsf A, = 8rs.
So,

(16mA) P A* A, = (16mA) " (9% A7 + 29" A A + g7 AL3)
— —a_2f2 + 2ﬂa'2f +a2— ﬁ2a"2

=a?~a?(f-p)
1-28-7(f-28)
T @ -py

However, using (13) and (14), we find
(1-8)?(1-28-7(f-28))=1-¢
So, the final expression for the mass in these coordinates is

M:%s(l—lan).

a2

For the static Schwarzschild case, where Q = raK?,, this becomes

2
M:lr (a 5 ! +7‘2K992>.
a

2

But, in these coordinates, we have the following expressions for the (static) 3+1 variables:

«= e

g _2M

(r+2M)’
(r+2M)
T
—2M (r + M)
(r (r +2M))%’
2M (r+2M)
(r(r+2M))%

K", =

K% =

2

(13)

(14)

(15)

(16)

(17)

(19)




So,
a? -1 oM 9 0 2 (2M)?
= T K 9 = — s
a? (r+2M) r((r+2M))
and we see that the left and right hand sides of (20) are indeed equal.
Let us now consider the job of tracking an apparent horizon in this coordinate system. The equation for

a trapped surface, defined by an outward-pointing, space-like unit normal, s¥, is (see, for example, section
2.5 of my PhD thesis):

(26)

sili - K +s's$K;; =0, (27)
which, for the general spherically-symmetric metric (5), and
K*; = diag(K",, K%, K"%), (28)
becomes:
(rb) — arbK% = 0. (29)

It is convenient at this point to write down the various 3+1 Einstein equations that are available to us. The
Hamiltonian and momentum constraints are

a — 512 (a—a®) - %s (4ma (®% +112) — a®K % (Koo +2K",)) =0 (30)

and
= K% - K", B Ar®Il
s a

K% 0. (31)

We also have evolution equations for a, K", and K%. The following forms of these incorporate the slicing
condition, (12), but not relations (13) and (14):

a=-a*(1-B) K" + (aB)’ (32)
K% =BK’% + 13_—2[3 (“ N %) M % +a(l-pB) K’ (2K% + K".) (33)

fp et B—=1(d" A 2 gla’ B’ - 0 -
K. =K, + a (7—(3) —z+87r‘1> +?+7+a(1—,3)f(¢(2[{9+KT). (34)

Also, we have the evolution equations for the scalar field variables ® and II:

= (B2 +(1-8)1) (35)
1= (2B + (1~ ) ®) —25m (36)

where a /. k
a=¢ =2 (4-59), (37)

as usual. Now, let us define the function H as follows:

H(r,t) = (rb) — arbK?. (38)
Then, in the current coordinate system,

H=1-asK% =1-Q. (39)

Clearly then, Q(r*,t) = 1 means that there is an apparent horizon at r* at time ¢, and if we wish to tie the
edge of a numerical grid (which, it will be assumed, will have a fixed r label) to the apparent horizon, we
must impose

Ql,_.=0 (40)

3




for all t. If we differentiate asK% = 0 with respect to time, use the evolution equations to eliminate the
time derivatives and the constraint equations to eliminate a’ and K 001, then solve for f and use Q(r*,t) =1,
we find (somewhat amazingly)
. »2
f= 47rs2—--2— (4]-)
a r=r*
where
=041 0=9-1I (42)
will be useful definitions here and below. We can also derive equations of motion for the geometric variables
at r*, again using the evolution and constraint equations as well as the known values for Q(r*,t) and f().

We find (after some problems with the 84 version of Reduce running under CMS)
3ad

3
’ s
alr:r* = _gz - a2Kr'r + msa ((1)2 + H2) + 271-2_(;[_2292 (43)
r=r*
; T 2 2 92 2@2) 2
k| =34 K. @4l o + s )
r=r 8 $ 8 a [4) r=r*
a . f
=T (7 * —> (a4)
r=r*

The last result is trivially derivable from Q = 0, Q(r*,t) = 1.
Let us do some manipulations with the constraint equations. The momentum constraint, (31), is easily

solved for K",
®I1

K, = (sk%) - dms—, (45)
and the Hamiltonian constraint may be written as
2sa’ —a=—a® (1 +$?K%, (K% + 2K’",) — 4ﬂ32¥) . (46)
Now, using (45), it is easy to show that
2K (K% +2K",) = (33K%2)' - 87rs3K%%. (47)
Thus, (46) becomes /
—a® (sa_2)' =-a® (s\-i- SK%” — /s 20 ds) : (48)
where
o = 2ws? & +1r + 47r33K99(I)7“H
=4ns® (p—sK%j.). (49)
Integrating the above, we find
a_2:1+32K002—§(n+/30 ds) (50)
where & is a constant of integration. Now, multiplying by a? and rearranging we find, recalling (15),
1;2Q2=1—§(/c+/sads). (51)

The value of the integration constant may be deduced by recalling that we are requiring Q(r*,¢) = 1 and
are considering outwards integration. Thus

S*
K= ? = M* (52)
Also, we have another expression for the mass

s *
M:M*+/ads:%+47r/s2(p—sKang)ds. (53)






