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Computational Domains for Black Hole Calculations. Schematic depiction of computational domains (shadedregions) employed in va¡ious approaches to the simulation of a black hole which forms from matter collapse. M isthe outer surface of the infalliDg matter, H is the event horizon, a i" tl" to"*;f;;';;;ent horizons and s isthe spacetime singularity. (Adapted from christodoulou, comm. pure Appl. aotn, ia, sfs'1iosr¡.¡
(") Ideal calculation. Computational domain contains onþ those events which a¡e external to or coincident withevent horizon II.
(b) Tladitional numerical relativity calculation. code avoids singularity, s, but uses coord.inate freedom to ,,freeze,,

evolution near S, resulting in unbounded growth in evolveJdynamical variables io ai.goifi;";;ä Ëä:
(") Apparent horizon tracking calculation. code locates, then tracks, position of outer appa,rent horizon on constanttime surfaces and can thus excise region lying interior to A from computational domain. Values of evolveddynamical va¡iables do noú grow without bound.

(d) Event horizon tracking.calculation. computational domain coincides more nea,rly with black hole exterior thanin calculation (c), avoiding some potential problems with tracking ap¡xrent horizons. Eficient realization ofsuch a scheme might involve a spacetime muttigid approach.
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In a vacuum region of a spherically symmetric spacetime (SSST), adopt the usual Schwarzschild coor-
dinates:

d,s2: - ery) a* + (r-Ð-' d,'*r2 ddt2. (1)

Then, the proper surface area at radius r is A(r) = 4trr2 rand is a geometric quantity as are

14: gnrlr (2)

and 
T,q,.l¿,=64tr2rzlr-lr:r6trAg". (g)

Thus, we have

M(r) =i, 0 - (tanA)-L A,, o,*). (4)

) Now, first consider the general 3*1 form of the the 4-metric for SSST-(the r, ú coordinates here are, of
.' course, different from those of (1)): / r

d,t': (-o'+o2 þ2)atz +za2 Bdtitr +a2 dr2 +r2b2 de2. (5)

we wish to introduce a "shifted" areal coordinate, s, such that s : r * /(ú) and the metric takes the form:

d,s2 : (-o' + o' þ') at2 + 2a2 Bdtdr + a2 dr2 + s2 de2. (6)

b=L+lr
and

1iø¡: ¡ Qb)' :1 (8)

Using these last relations, the evolution equation for the 3-metric function, ô,

ù: -rrbKos * Ê PÒ' ,

iriviaiiy rewriiten as

(it¡: -a(rb) Kee * þ(br)', (9)

is solved for B, giving the spatiat coordinate condtion:

þ:j+saKe6. (10)

The time-slicing relation comes from considering the tangent vectors:

* = rr,o, o, o) * : ro,r, o, o)

and demanding that the ingoing combination, A/A-*t -l/&, be null, which in SSST atso implies that the
vector is tangent to an ingoing null geodesic. Thus,

" 
gtt - 29ø * 9r, :0, (11)

and using (5), this implies,
a: a(7 - þ), (L2)

So

(7)



where the particular solution of the quadratic has been chosen to give a positive lapse for lÉl < 1. Finally,
we can rewrite the coordinate conditions by combining (10) and (12), giving

o_i+eP _ 
T+Q

,:"lt-l\
1r+a/

where

Q:saKee
\['e now consider the structure of (a) in this coordinate system.

A:4trs2 A,t - Srsj

(13)

(14)

We have

4¡ = 8trs.

(15)

(16)

So,

(16r^)-'A,rA,,=(::::];'.þrui::,,..r,^_i:þ.o:,n.n,.,¡

: o,_2 _ a_2 (¡ _ B),

t-zB-i(i-zB)
o' (7 - þ)2

However, using (13) and (14), we find

(r - p)-' (t -rB - Ì (Ì - rp)) : ! - e2

So, the ûnal expression for the mass in these coordinates is

¡4:!*(', -1-Q'\-t"\'-T)'
For the static Schwarzschild case. where Q : raK| n.this becomes

M :+, (+ +,, N,o,) .

But, in these coordinates, we have the following expressions for the (static) 3f1 variables:

-2Mv-@,

(17)

(18)

(1e)

(20)

(21)

(22)

A= (23)

(24)r.,r -2M (r + M)rr r- T--Tr
(r (r + 2M¡¡-z

¡zg 2M (r + 2M)

- 

é-
(r (r + 2M))E

(r + 2M)

(25)



So,

(26)

and we see that the left and right hand sides of (20) are indeed equal.
Let us now consider the job of tracking an apparent horizon in this coordinate system. The equation for

a trapped surface, defined by a,n outward-pointing, space-like unit normal, sr', is (see, for example, section
2.5 of my PhD thesis):

a2 -l zM

", 
:@ rzKoez=ffi,

becomes:
(rb)' - arbKo 6 :9. (29)

It is convenient at this point to write down the various 3*1 Einstein equations that are available to us. The
Ha¡niltonia¡l and momentum constraints are

"' -;;@-o") -|"þ*o(Õ'? +n2) - a3K0e (K0u +2K',)):o

and

Krr,+Koe-K', _ 4tÕ[:0.
so'

We also have evolution equations for ø, K',, and K0 a. The following forms of these incorporate the slicing
condition, (12), but not relations (13) and (14):

s'1, - K * s'sr I{¿i = Q,

whictr, for the general spherically-symmetric metric (5), and

where

Then, in the current coordinate system,

Kn j: diag(K", Koe,Koo),

ò, = -a2 (t - p) K', + (o,þ)'

k', : þK',' *ry(o - *) * ** a,(r - p) K0 s (zKo6 + K',)

Q=ó' n= i(ø - oo,) ,

as usual. Now, let us define the function lf as follows:

H(r,t) : (rb)' - arbKo 6.

H=!-asKoe:7-Q.

(27)

(28)

(30)

(31)

(32)

(33)

(35)

(36)

(37)

(38)

(3e)

k,,= þK,,' . + (+ (+)' -H.8,Õ,) .# * # *a$- p)K,.(zK.s + K,,). (34)

Also, we have the evolution equations for the scalar fieÌd variables iÞ and II:

iÞ = 1Bo + (1- Ðn)'

t'r : + (r, (pn + (1 - p) Þ))'- ,in

Clearly then, Q(r*,ú) : 1 means that there is an apparent horizon at r* at time ú, and if we wish to tie the
edge of a numerical grid (which, it will be assumed, will have a fixed r label) to the apparent horizon, we
must impose

8l|,:,- : o

3

(40)



for all t. If we differentiate asKq s : 0 with respect to time, use the evolution equations to eliminate the
time derivatives and the constraint equations to elimiuate øt and.'K| s' , then solve for f and use Q(r", ú) : 1,

we find (somewhat amazingly)

where

sr2 Ij = +n"241
&' l'='"

E:iÞ+fI @:iÞ-II

(41)

(42)

will be useful definitions here and below. We can also derive equations of motion for the geometric variables
at r*, again using the evolution and constraint equations as well as the known values lor Q(r*,t) and /(ú).
We find (after some problems with the 84 version of Reduce running under CMS)

ol---- :-:4 - azK', +rsa(Þ2 + rI2) + 2n't2'g'l (ß)tT:r' 8S \ t A lr:r*

la i \l__r__'^;ll 
@4)

\"o' ' "'o)1,:,_
The last result is trivially derivable from Q :0, Q(r*,ú) = 1.

Let us do some manipulations with the constraint equations. The momentum constraint, (31), is easily
solved Íor K',,

K',: (rKtr)' -4nr9!,
and the Hamiltonia¡r constraint máy be written as

2sa' - a: -o,3 (t * "'ot, (K0e+2K',)-¿r."'Þ'1tr'1.- 
\''Ð¡ra\rlf 

|21|rl 
o'2 ).

Now, using (45), it is easy to show that

s2 Ko e (Kt , + 2K',) : (r" Ku r')' - ,n"z 7çe ,{ .

Thus, (46) becomes

-o3 (sa-2)' : -ø3 (r'+ ""Nor' - l" ,, or)'

where

o _ 2n"rW +  trssKo e@!

: 4trs2 (p - s Ko e l,) . (49)

Integrating the above, we find

o,-2 :!+ szKaoz -: (" + l" " a,) (50)

where rc is a constant of integration. Now, multiplying by ø2 and rearranging we find, recalling (15),

t-9'-.2('-, ¡"-r"). (51)

", \^-/ 
u *" 

)'
The value of the integration constant may be deduced by recalling that we are requiring Q(r*,ú) : 1 and
are considering outwards integration. Thus

,:ï:M* (52)

Also, we have another expression for the mass

M:M* * I" "0":T+4r I"r(p-sr{0s 
j,) d,s. (53)

(45)

(46)

(47)

(48)




